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g (like a fermion), and







It appears that a qubit is a hybrid fermion-boson particle! We conclude that qubits do not exist as fundamental
particles. This motivates us to consider an intermediate statistics of \parafermions" in order to have a Fock space














] = 0 if i 6= j: (1)





] = 0 for i 6= j immediately implies a tensor





g = 1, which together with a
i












in the standard (irreducible) two-dimensional representation. Therefore a double-occupation state cannot be realized,
i.e., the single-particle Hilbert space is two-dimensional. These are exactly the requirements for a qubit.
In fact, the notion of particles with \intermediate" statistics such as parafermions is well known and established
in condensed matter physics, e.g., hard-core bosons, excitons, or the Cooper pairs of superconductivity
10
(see also
Section VI). Such particles are always composite, i.e., they are not fundamental. Another way of obtaining a particle
that is neither a boson nor a fermion is to simply ignore one or more degrees of freedom. This is by and large the




, without the orbital component of its wavefunction, behaves exactly like a qubit. This is the case of the
electron-spin qubit in quantum dots
11
. Related to this, a truncated multi-level atom can also approximate a qubit,
as in the ion-trap proposal
12
. What are the implications of this for quantum computing (QC)? In a nutshell, \ideal"
qubits are hard to come by. If a qubit is to exist as an approximate two-level system, or as a composite particle,
or as a partial description of an object with additional degrees of freedom, this means that some robustness is lost
and the door is opened to decoherence. E.g., the additional levels in a multi-level Hilbert space can cause \leakage",




The advantages of the parafermionic formalism for qubits, however, are not necessarily in understanding these
sources of decoherence, because this formalism \accepts" qubits as particles. Instead, the parafermionic formalism
allows us to naturally establish mappings between qubits, fermions, and bosons. This mapping serves to transport
well-known results about one type of particle to another, which, as we show below, claries questions regarding the
ability of sets of one type of particle to act as universal simulators
14
of sets of another type of particle. It also helps
in connecting the Hamiltonians of condensed matter physics to standard tools of quantum computation.
The structure of the paper is as follows. In the next section we formally introduce the second quantization of qubits.
We then classify the algebraic structure of parafemionic operators in Section III. This classication, into subalgebras
with dierent conservation properties, is very useful for establishing which subsets of qubit operators are universal,
either on the full Hilbert space, or only on a subspace. This is taken up in the next two sections, where we establish
the connection between parafermions and fermions (Section IV) and bosons (Section V). The connection to fermions
and bosons also works in the opposite direction: we are able to classify which fermionic and bosonic operator sets are
universal. This has implications, e.g., for the linear optics quantum computing proposals
15;16
. Section VI shows how
to construct parafermions out of paired fermions and bosons, emphasizing the compound-particle aspect of qubits.
With the connections between fermions, bosons, and parafermions claried, we explain in Section VII a remarkable
dierence between parafermions and the other particle types: bilinear parafermionic Hamiltonians are suÆcient for
universal quantum computation, whereas fermionic and bosonic Hamiltonians are not. In Section VIII we briey use
the mapping to fermions to derive the thermal uctuations of non-interacting parafermions at nite temperature. In
Section IX we apply the classication of the various parafermionic operator subalgebras to the problem of establishing
universality of typical Hamiltonians encountered in solid state physics. We generalize a number of our previous
results
17;18
. In particular, we establish that the XY model is not universal with nearest-neighbor interactions only;
and, we prove universality of the XXZ model for codes with arbitrarily high rates. We conclude in Section X.
2
II. SECOND QUANTIZATION OF QUBITS
















. A normalized basis state in the parafermionic
Fock space is
j   n
i










which we think of as representing a state with the i
th





= 1 (0). Qubit computational basis states are thus mapped to parafermionic Fock states. Equivalently,






















where on the left 0 and 1 represent the standard (rst-quantized) logical states of a qubit. Qubits can thus be identied
with parafermionic operators.













































are preserved, so that we have a faithful second quantized representation of the qubit system Hilbert space and
algebra.
1
To illustrate the multi-qubit Hilbert-Fock space representation, consider the case of two modes, i.e., i; j =
1; 2. The space splits into a vacuum state j00i = j0i, single-particle states j01i = a
y
1










j0i. It is important to emphasize that the parafermionic formalism is mathematically
equivalent to the standard Pauli matrix formalism. We will be using both in the sections below, starting with the
parafermionic, as it makes particularly transparent the translation of known results about fermions to qubits.
III. GENERAL PROPERTIES OF PARAFERMIONIC OPERATORS
N -qubit operators in QC are elements of the group U (2
N
). We will begin our discussion by identifying a set of
innitesimal parafermionic generators for U (2
N
). Recall that with any r-parameter Lie group there are associated
r innitesimal generators
19
. E.g., in the case of su(2) these are, in the two-dimensional irreducible representation,






g. Now, let  = f
i






can be 0 or 1. In terms of parafermionic
operations, any element of U (2
N







(N )), where b

are continuous




innitesimal group generators Q
;










































































We will turn to the hermitian set of generators in the discussion of applications, in Section IX.
Note that innitesimal generators are not the generators one usually considers in QC. Rather, in QC, a gate
operation is obtained by the unitary evolution generated through the turning on/o of a set of physically available
Hamiltonians fH








here has the usual meaning of allowing linear combinations and commutation of Hamiltonians. We will say that a
set of Hamiltonians fH

gis universal with respect to a Lie group G if it generates the Lie algebra of that group. The
question of the dimension of the universal set of Hamiltonians with respect to U (2
N
) is somewhat subtle, since it
is context dependent. Lloyd showed that given two non-commuting operators A,B, represented by n  n matrices,
one can almost always generate U (n)
20
. However, it is not necessarily clear how this result is related to physically
available Hamiltonians, since in practice one may have only limited control over terms in a Hamiltonian. E.g.,









































g also generates SU (4), and may be physically available
17
. Another



































































are constants). Which set of generators is physically available
(i.e., directly controllable) depends on the specic system used to implement the quantum computer. As we will show
below, it is sometimes the case that a given, physically available, set of Hamiltonians is universal with respect to a
subgroup of U (2
N
), which may be quite useful, provided the subgroup is suÆciently large (typically, still exponential
in N ). This notion of universality with respect to a subgroup is what gives rise to the idea of encoded universality
21{24
:
one encodes a logical qubit into two or more physical qubits, and studies the universality of the subgroup-generating
Hamiltonians with respect to these encoded/logical qubits.
The innitesimal parafermionic generator Q
;
(N ) can be rearranged into certain subsets of operators with clear
physical meaning, which we now detail.





] = 0 for i 6= j. This


















(2) can only change states within the same mode.




It has eigenvalues 1 ( 1) for even (odd) total particle number. The operators that commute with the parity











































[p^; Q] = 0
3
.
3. SAn { Subalgebra with conserved particle number. This subalgebra, which we denote SAn, is formed by all













. To see this, let Q
II
be in SAn, and consider its action on a state jni with n particles.
Q
II















; n^] = 0
4
. Clearly, SAn SAp.
2

















































































g, where I is the identity operator.
3
























































































































































form another su(2) subalgebra, denoted su
r







(2)] = 0 since any product










. Consider as an example the










(2) can transform between states with equal particle number and states diering by two particle
numbers.








generates SAn(N ), i.e., the subalgebra of conserved
particle number on N modes (qubits). Proof: this set maps to the XY model (see Section IXB). The rest
follows using the method of
18













   n^
N
.




























yield all states with even
particle number on N modes from the vacuum state. (Proof is trivial.)
7. Generators of SU (2
N
): In order to transform between states diering by an odd number of particles it is





























a set of universal gates (proof is trivial), and then by standard universality results
25;26
the entire SU (2
N
).
Additional structure emerges from a mapping between fermions and parafermions. This structure can help us both
in simulating fermionic system using qubits, and the understanding of universality of qubit systems.
IV. FERMIONS AND PARAFERMIONS










= 0; 1 is the occupation number of mode i. As is well known
27






























































which transforms between all possible fermionic Fock states (\fermionic computational basis state"). There is a group
chain of this group,
U (2
N
)  SO(2N + 1)  SO(2N )  U (N ) (9)
5
and the generators of the subgroups are known
19
.
The Jordan-Wigner (JW) transformation
5
, recently generalized in Ref. 28, allows one to establish an isomorphism











































The action of the fermionic operators on the state (8) is equivalent to that of the corresponding parafermionic operators








] = 0. Therefore the eect of the JW transformation is quite
simple: by commuting all S
i
to the left when when mapping a fermionic innitesimal generator to a parafermionic one,





operators will yield a state with the same parafermionic occupation numbers as
the corresponding fermionic state, (ii) the action of the product of S
i
's is to produce a phase 1. (This may become
a relative phase when acting on a state that is a superposition of computational basis states.) This allows us to study
algebraic properties of one set of particles in terms of the other.
Using the JW transformation we nd that the same subgroup chain (9) holds for parafermions, and we can im-
mediately write down also the innitesimal generators for the corresponding parafermionic subgroups. The result is




















































































TABLE I. Innitesimal generators (h.c.=hermitian conjugate).
The signicance of these subgroups for QC is in the classication of the universality properties of fermionic and
















g is not by itself universal since it merely generates SO(2N ). Recent work has claried what needs
to be added to such a Hamiltonian in order to establish universality
6;29;30
. Regarding SO(2N + 1), note that one










) if one wants to consider them as Hamiltonians, since
it is unclear which physical process can be described by such Hamiltonians (a single fermion creation/annihilation
operator can turn an isolated fermion into a boson, a process that does not seem to occur in nature).
A more powerful classication, from the QC viewpoint, is in terms of physically available Hamiltonian generators
of the subgroups. An interesting restriction of the set of innitesimal generators to a physically reasonable set of
Hamiltonians is to consider only nearest-neighbor interactions, where possible. The results known to us in this case



























































TABLE II. Hamiltonian generators.
6
A couple of comments are in order regarding Table II: First, note the group SO(2N + 1) may be unphysical not





in its Hamiltonian, but also for parafermions: it
requires a non-local Hamiltonian due to the S
i
term. Second, the corresponding fermionic generators for U (2
N
) given
here is unphysical because it includes terms that are linear in f
i




















; h:c:g, but this set is not universal over the full 2
N
-dimensional Hilbert space
(since it conserves parity). This means that a qubit needs to be encoded into two fermions in this case, a situation
we explore further in Section VI. Now let us verify the claims of Table II. Our strategy is to show that in each case,
we can use the Hamiltonians for generating all innitesimal generators of the corresponding subgroup in Table I.
















































]. This yields a total
of nine operators, eight of which are linearly independent, that generate SU (3). As for parafermions, we can use the










































= 0). This establishes an isomorphism between the fermionic and parafermionic generators for SU (N ).



































. Clearly, the interaction range can be extended to cover all generators. For the































we again have an isomorphism with the fermionic case.






























case follows by the JW-transformation.
Finally, in the U (2
N







; h:c:g follows from that of the set of
all single qubit operations together with the Hamiltonian of the nearest-neighbor XY model [Eq. (16) below], proved
in Ref. 31. The fermionic case follows by the JW-transformation.
Let us recapitulate the meaning of the results presented in this section: we have shown how to classify subalgebras
of fermionic/parafermionic operators in terms of the groups they generate. This therefore classies their universality
properties with respect to these groups. This is particularly important in the context of a given set of physically
available Hamiltonians. Our method employed a mapping between fermions and parafermions, which allowed us to
easily transport known results about one type of particle to the other.
V. BOSONS FROM PARAFERMIONS


























If the parafermion number is much smaller than the available number of sites/modes, i.e., when n  N , then
[B;B
y
]  1, which is an approximate single-mode boson commutation relation.
To get K boson modes, we can divide N into K approximately equal parts. Each part has N

= N=K qubits and




































Physically, this means that a low-energy qubit system (with most qubits in their ground state) can macroscop-








































A separate conclusion that follows from this result is that a low-energy non-interacting qubit system can naturally
simulate the dynamics of bosons.
7
VI. PARAFERMIONS FROM FERMIONS AND BOSONS
As stated in the Introduction, qubits do not exist as fundamental particles. This means that they are either
approximate descriptions (e.g., a spin in the absence of its spatial degrees of freedom), or have to be prepared by
appropriately combining bosons or fermions. I.e., a qubit can be encoded in terms of bosons or fermions under certain
conditions (see also
32
). We consider bosonic or fermionic systems with 2N single-particle states. Let k = 1; 2; : : : ; N
denote all relevant quantum numbers (including spin, if necessary). The following three cases yield parafermions.


































































, is a mapping to parafermions. The vacuum state of parafermions in this case corresponds
to the vacuum state j0i
f
of fermions. Example: Cooper pairs.






























is a mapping to parafermions. However, in this











, because then a
k
j0i = 0 for all k. This vacuum state
plays the role of a Fermi level. Example: excitons. In fact, all quantum computer proposals that use electrons, e.g.,
quantum dots
11
, electrons on Helium
33;34










can represent the transition
operators between two spin states in the quantum dot proposal.






























is a mapping to parafermions. However, in this case














, again because then a
k
j0i = 0 for all k. Example:
dual-rail photons in the optical quantum computer proposal
15
.
This classication illustrates the by-necessity compound nature of a qubit, and puts into a unied context the
many dierent proposals for constructing qubits in physical systems. Note that it is possible to use more than two
fermions or bosons to construct a parafermion. Further implications, especially as related to the simulation of models
of superconductivity (Case 1) on a quantum computer, have been explored in Ref. 35.
VII. PARAFERMIONIC BILINEAR HAMILTONIANS ARE UNIVERSAL BUT FERMIONIC AND
BOSONIC ARE NOT
In this section we discuss an apparently striking dierence between the universality of bilinear Hamiltonians acting
on fermions and bosons, as compared to parafermions. Let us consider the set of particle-number-conserving bilinear

















As noted in Table I, in the fermionic case these operators generate the group U (N ) where N is the number of particles.
The same is true for bosons
19
. Clearly, therefore, fermionic and bosonic Hamiltonians containing only these operators
are not universal with respect to an interesting (i.e., exponentially large) SU (2
N
) subgroup. On the other hand, as




















) (recall that the total number of Q
;
(N ) operators is 2
2N
). The corresponding Lie group
appears to be large enough to be interesting for universal quantum computation. This expectation is borne out,





g. As shown in Ref. 23, the XY model
is by itself universal provided one uses three physical qubits per encoded qutrit, together with nearest-neighbor and
next-nearest-neighbor interactions (see also Section IXD1). We discuss the XY model in detail in Section IXB below.
First, however, let us argue qualitatively where the dierence between parafermions (qubits) and fermions, bosons


















































Thus the dierence is that bosons and fermions
5


















preserve locality, but parafermions do not.










, the group is
SO(2N ), which is too small to be interesting for QC. In fact this is a model of non-interacting fermions: there exists a
canonical transformation to a sum of quadratic terms each of which acts only on a single mode (see also
6;29;30;32;36
). For










, the group generated is the N (2N+1)-parameter symplectic group Sp(2N;R) which
is non-compact, implying that it has no nite dimensional irreps
19


























g generates the semidirect-
product group N (N )
 Sp(2N;R), where N (N ) is the Heisenberg group, with (N + 1)(2N + 1) generators
19
(Ch.20).
This is therefore still too small to be interesting for universal QC. In fact, this is exactly the reason why linear optics














() 2 N (N ) 
 Sp(2N;R): The way to universality [with respect to
SU (2
N





VIII. FLUCTUATIONS IN PARAFERMION NUMBER AT FINITE TEMPERATURE
So far we have not really made use of the full power of the Fock space representation, which allows to consider
the case of uctuating particle number. The quantum statistics of parafermions is determined by their commutation
relations, like fermions (Fermi-Dirac statistics) and bosons (Bose-Einstein statistics). A simple case to consider is
that of non-interacting parafermions. The Fermi-Dirac distribution for an ideal Fermi gas is derived using only the
restriction that no more than a single fermion can occupy a given mode
38
. Hence the statistics of non-interacting
parafermions is clearly the same as that of non-interacting fermions.
Fluctuations in particle number will be a result of interaction of the system with an external bath, which imposes

































numbers. With this Hamiltonian, one can study the uctuations of parafermions under nite temperature T . Mapping
from the well-know result for a non-interacting Fermi gas
38













where k is Boltzman's constant. This is the average value of the qubit-\spin" (whether it is j0i or j1i). Keeping the
chemical potential  xed, in the limit of T ! 0 we nd that hn
i
i ! 1 if B
z
i
< , but hn
i
i ! 0 if B
z
i
> . Thus, as
expected, it is essential to keep the interaction with the bath weak (compared to ) to prevent uctuations in qubit
\orientation" at low temperatures. At nite T we nd hn
i
i < 1, meaning that some uctuation is unpreventable. Of
course, our model is very naive, and the picture is modied when qubit interactions are taken into account. However,
it should be clear that a Fock space description of qubits, i.e., in terms of parafermions, could be valuable in studying
qubit statistics at nite temperatures.
IX. UNIVERSALITY OF EXCHANGE-TYPE HAMILTONIANS
In this nal section we conclude with an application of the formalism we developed above to the study of the
universality power of Hamiltonians. We have considered this question in detail before for general exchange-type
Hamiltonians (isotropic and anisotropic)
17;18
. We rst briey review the universality classication of various physically
relevant bilinear Hamiltonians. It will be seen that while in certain cases the Hamiltonian is not suÆciently powerful to
be universal with respect to U (2
N
), it is universal with respect to a subgroup. As mentioned in Section III, this result
requires the use of encoding of physical qubits into logical qubits
21{24
. We then consider in detail the representative
example of the XY model, where we give a new result about universality (in fact, the lack thereof) in the case of
nearest-neighbor-only interactions. We then present new results about codes with higher rates than considered in
Refs. 17,18. For simplicity we revert when convenient to the Pauli matrix notation in this section, which is more
familiar to practitioners of QC.
9
A. Classication of Bilinear Hamiltonians
The most general bilinear Hamiltonian for a qubit system is
H(t)  H
0



















































Recall the \standard" result about universal quantum computation: The group U (2
N
) on N qubits can be generated
using arbitrary single qubit gates and a non-trivial two-qubit entangling gate such as CNOT
25
. The general Hamil-
























This is an instance of a simple but extremely useful result: let A and B be anticommuting hermitian operators where
A
2





Æ exp(iB)  exp( iA') exp(iB) exp(iA')
=

exp( iB) if ' = =2
exp[i(iAB)] if ' = =4
: (14)







































(Heisenberg model): It is simple to show that they can all be













to generate CPHASE and from there, CNOT
11;7







Euler angle rotations about 
x
i





































































































. The method of Euler angle rotations as
applied here is also known as \selective recoupling" in the NMR literature
39
.
Not all QC proposals have an interaction Hamiltonian that appears to be of the form V
ij
. E.g., the ion-trap
proposal
12
looks quite dierent since it involves interactions between ions mediated by a phonon. The interaction
between the i
th





















































Let us now consider a number of more restricted models:
6




) (U is unitary, B is arbitrary), and exp(iA) = I cos  +Ai sin .
10
1. No external single-qubit operations











































This is the case when H
0




















































is an anisotropic (Dzyaloshinskii-Moriya) interaction
which arises, e.g., in quantum dots in the presence of spin-orbit coupling
17;40{42
.
2. No external single-qubit operations and H
0
uncontrollable
If F = 0 and H
0


































universal, meaning that the interaction term V by itself is universal. One way to see this is to map the set to
parafermionic operators and note that it overlaps with the set that generates the parafermionic U (2
N
) (Table II).
3. Scalar anisotropic exchange-type interactions








(denoting V by V
0
), which amounts to limiting the Hamiltonian to scalar anisotropic










































































































and we dropped a constant energy term.
V
0
is the so-called XY Z model of solid-state physics. Considering the structure of V
0
and the classication of
operator algebras we carried out in Sections III,IV, it should be clear that some immediate conclusions can be drawn




+ F contains the generators of the
parafermionic U (2
N









2SAp, i.e., preserves parity. This immediately implies that the XY Z model (even
with H
0
) is by itself not universal. However, it can be made universal by encoding logical qubits into several (two
are in fact suÆcient) physical qubits
17
. The elimination of single qubit operations (F = 0) can be quite useful, since
typically single and two-qubit operations involve very dierent constraints. In some cases single-qubit operations can
be very diÆcult to implement (see
17;18;22
and references therein for extensive discussions of this point).
B. XY Model

























, quantum dots coupled by exciton exchange
45
, and atoms in microcavities
46
. Let us summarize
what is currently known about quantum computational universality of this model.
 In Ref. 31 it was shown that the XY model with nearest neighbor interactions only, together with single qubit
operations, is universal.
 In Ref. 23 it was argued that the XY model is universal without single qubit operations, provided these gates
can be applied between nearest-neighbor and next-nearest-neighbor pairs of qubits. This involved encoding
a logical qutrit into three physical qubits: j0
L
i = j001i, j1
L
i = j010i, j2
L
i = j100i. We reconsider this in
subsection IXD below in the context of the XXZ model (but using the methods of
18
the results are valid also
for the XY model).
 In Ref. 18 we showed that the XY model is universal using only nearest and next-nearest neighbor (J
i;i+2
)
interactions, together with single qubit 
z
terms. This too involved an encoding, of a logical qubit into two
physical qubits: j0
L
i = j01i, j1
L
i = j10i. Two comments are in order about this result: rst, next-nearest
neighbor interactions can be nearest neighbor in 2D (e.g., in an hexagonal array); second, unlike
31
, we did not
assume the 
z
terms to be controllable, i.e., there is no individual control over "
i
[Eq. (13)]. A similar model is
treated in subsection IXC below.
The question now arises: Is the XY model universal with nearest-neighbor interactions only? We prove that it is
not.


























Consulting Table II, we see that H can only generate SU (N ), which is clearly too small even for encoded quantum
computation.
C. Antisymmetric XY Model































































, and assuming that interactions are on only inside pairs of qubits encoding









































where the T and R operators were dened in Eqs. (6),(7). Since the T and R operators form commuting sl(2) algebras,
the Hilbert space splits into two independent computational subspaces. The R operators conserve parity, so that an




= 0), using standard qubit notation, is j0
L
i = j00i and
j1
L




= 0 (axially antisymmetric
case) the encoding is j0
L
i = j01i, j1
L















g) is suÆcient for the implementation of the single-encoded-qubit SU
m




Logic operations between encoded qubits require the \encoded selective recoupling" method introduced in Ref. 18.
Consider the \axially antisymmetric qubit" j0
L
i = j01i, j1
L







































































































































. This establishes universal encoded computation in the antisymmetric XY model.
D. Codes with Higher Rates
The encoding of one logical qubit into two physical qubits is not very eÆcient. Can we do better? I.e., can we
perform encoded universal QC on codes with a rate (no. of logical qubit to no. of physical qubits) that is greater



































When surface and interface eects are taken into account, the XY -examples of QC proposals
31;43{46
, as well as the
Heisenberg examples
11;47;48




in the XY -examples can be second-order eects (e.g., virtual cavity-photon generation without spin-ips
31
).
A natural XXZ-example is that of electrons on helium
33;34
.
First, note that the code used in the XY model, j0
L
i = j01i, j1
L








































In the general encoding case we consider a block of N qubits where codewords are computational basis states











can be 0 or 1, while N

= 0:::N . A code-subspace








codewords in a subspace. Examples are considered below. Note that these subspaces are decoherence-free under the
process of collective dephasing
49
, and have been analyzed extensively in this context in Ref. 50. Figure 1 in Ref. 50
provides a nice graphical illustration of the C(N;n) subspaces. Since the decoherence-avoidance properties of the
codes we consider here have been extensively discussed before
49;50
, and even implemented experimentally
51;52
, we
do not address this issue here. We further note that Ref. 50 provided an in-principle proof that universal encoded
QC is possible on all subspaces C(N;n) independently. However, this proof had several shortcomings: (i) it used
a short-time approximation, (ii) it did not make explicit contact with physically realizable Hamiltonians, (iii), it
proceeded by induction, and thus did not explicitly provide an eÆcient algorithm for universal QC. We remedy all
these shortcomings here. i.e., we (i) use only nite-time operations, (ii) use only the XXZ Hamiltonian, (iii) provide
an eÆcient algorithm that scales polynomially in N .
We need a measure that captures how eÆcient a C(N;n) code is. If there are d codewords, supported over N
p-dimensional objects (p = 2 is the case of bits), and information is measured in units of q, then we dene the rate of
the code as









The traditional denition for qubits is recovered by setting p = q = 2, i.e., the rate of a code is the ratio of the number
of logical qubits log
2










where   k=N ,
S() =   log
2
   (1   ) log
2
(1   )
is the Shannon entropy, and we have used the Stirling formula logx!  x logx   x. Since S(
1
2
) = 1 the code has
a rate that is asymptotically unity for the \symmetric subspace" C(N;N=2), where the number of 1's equals the





qubits in the subspace C(N;n), since the subspace does not have a natural tensor product structure. Instead we will
consider C(N;n) as a subspace encoding a qudit, where d = d
N;n
. Using the generalized denition of a rate above,









. This, however, exactly coincides with r of Eq. (23). Therefore we see that the advantage of working
with the symmetric subspace C(N;N=2) in the limit of large N is that its rate approaches unity.
Before embarking on the general analysis, let us note that for an encoding of one logical qubit intoN physical qubits,











































































j0i. These two encodings are universal (in the sense of




are controllable [Eq. (15)].
Let us now move on to the general subspace case, starting with an example.
1. Encoded Operations: Example
Consider C(3; 1) = Spanfj0i  j001i; j1i  j010i; j2i  j100ig, i.e., an encoding of a logical qutrit into 3 physical
qubits, as in Ref. 23. Let us count qubits as i = 0; :::; N   1. Our rst task is to show how to generate su(3) on this
subspace. It is simple to check that T
x
01
j001i = 0, T
x
01
j010i = j100i, T
x
01












= j1ih2j+ j2ih1j  X
12




operation between states j1i  j010i and j2i  j100i. Similarly it is simple



















































an encoded su(2). But in the sense of generating, su(N ) is a sum of overlapping su(2)'s
53




















su(2) between states j0i; j2i can in fact be generated using T
x
ij
's alone, without T
z
ij
's. This conclusion clearly holds
for the generation of all of su(3) on C(3; 1), as rst pointed out in Ref. 23.
Next, we need to show how to implement encoded logical operations between two C(3; 1) code subspaces. Let us










on the tensor product space C(3; 1)







by a 9 -dimensional diagonal matrix on this space, which is easily found to have the following form in the ordered
basis fj0i 
 j0i; j0i
























 j100i = (+j100i)
 ( j100i) =  j2i 
 j2i, which explains the  1 in the 9
th
position






acts as a tensor product operator on C(3; 1)
C(3; 1),















It is well known
7






. The same holds here, so that we can generate a CPHASE gate between two C(3; 1) subspaces by simply
turning on a nearest-neighbor interaction between the last qubit in the rst block and the rst qubit in the second
block.
With this example in mind we can move on to the general case.
7





since for su(2) 
z
= diag(1; 1) and here we have instead diag( 1; 1; 1) and diag(1; 1; 1).
14
2. Encoded Operations: General Subspace Case
Let us now consider the case of a general subspace C(N;n). We can enumerate the codewords as fj0i; :::; jd
N;n
ig
where j0i = j0; :::; 01; :::;1i etc., to jd
N;n
i = j1; :::; 10; :::; 0i, where there are N qubits in total and n 1's in each







four possibilities for qubit values at these positions are f00; 01; 10; 11g. Now consider a pair of codewords jti,jt
0
i such
that jti has 01 in the i; i+1 positions while jt
0
i has 10 in the i; i+1 positions, and they are identical everywhere else.








i is to generate su(2)






in the case of
00 or 11 in the i; i+ 1 positions is to annihilate all corresponding codewords (which are anyhow outside of the given






act as identity on these codewords.






is precisely to generate su(2) between jti,jt
0




. Let us now keep the 01 and 10 at positions i; i + 1 xed, and vary all other N   2 positions in jti,jt
0
i,
subject to the constraint of n 1 's, and in the same manner in both jti,jt
0












generate su(2) between each pair of new jti,jt
0
i. Denote these by su(2)
(k)
i;i+1
, k = 1::K. By further
letting i = 0; ::N   2 we generate N   1 overlapping su(2)'s. These su(2)'s can be connected by swaps so that we
can generate all su(2)
(k)
i;j








su(2)'s. To generate the entire su(d
N;n
)























n(N   n) > 1, we have more than
enough overlapping su(2)'s, and su(d
N;n
) can be generated.
What is left is to show that we can perform a controlled operation between two C(N;n) subspaces. To do so we






, where the rst factor (
z
N 1
) acts on the last qubit (N  1) of the
rst C(N;n) subspace, and the second factor (
z
N
) acts on the rst qubit (N ) of the second C(N;n) subspace. Now
let us sort the codewords in the two subspaces in an identical manner, e.g., by increasing binary value. Then consider






on the resulting ordered basis fj0i 
 j0i; j0i
















diagonal matrix. As in the C(3; 1) case considered above, this matrix is








 C(N;n). It is simple to determine the form of
these two (dierent) 
z
's. For the codewords belonging to the left C(N;n) factor write down a +1 ( 1) for each 0 (1)
in the N
th




factor. Similarly, for the
codewords belonging to the right C(N;n) factor write down a +1 ( 1) for each 0 (1) in the N + 1
th
position. These















is that of a generalized CPHASE between the two
code subspaces. This is suÆcient together with su(d
N;n




The standard quantum information-theoretic approach to qubits and operations on qubits, emphasizes qubits as
vectors in a Hilbert space and operations as transformations of these vectors
7
. This is the point of view of the rst-
quantized formulation of quantum mechanics. An alternative, mathematically equivalent, point of view is the Fock
space, second-quantized formulation of quantum mechanics, which emphasizes the particle-like nature of quantum
states. Qubit up/down states are replaced by qubit presence/absence, while rotations are replaced by operators
that count or change particle occupation numbers. The mapping of qubits to parafermions discussed in this paper
is a mapping between these rst and second quantized formulations. It proved to be a useful tool in studying the
connection between qubits, bosons and fermions, in analyzing the algebraic structure of qubit Hamiltonians, and in
studying related quantum computational universality questions. In particular, it allowed us to classify subalgebras of
fermion, boson, and qubit operators and decide their power for quantum computational universality. These results
are relevant for physical implementation of quantum computers: a physical N -qubit system comes equipped with
a given Hamiltonian, which generates a subalgebra of su(2
N
). It is important to know whether this Hamiltonian is
by itself universal or needs to be supplemented with additional operations, or whether one needs to encode physical
qubits into logical qubits in order to attain universality. Our classication settles this question for many subalgebras
of physical interest.
Another potential advantage of the parafermionic approach, as a second-quantized formalism for qubits, lies in its
ability to naturally deal with a \qubit-eld", i.e., situations where the qubit number is not a conserved quantity. This
is certainly a concern for optical and various solid-state quantum computer implementations. We leave the study of
a qubit eld theory as an open area for future explorations.
15
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